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Abstract: Inflationary models in string theory which identify the inflaton with
an open string modulus lead to effective field theories with non-canonical kinetic
terms – Dirac-Born-Infeld scalar field theories. In the case of a D-brane moving
in an AdS throat with a quadratic scalar field potential DBI kinetic terms allow a
novel realization of power law inflation. This note adresses the question of whether
this behaviour is special to this particular choice of throat geometry and potential.
The answer is that for any throat geometry one can explicitly find a potential which
leads to power law inflation. This generalizes the well known fact that an exponential
potential gives power law inflation in the case of canonical kinetic terms.
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1. Introduction
The possibility that the inflaton might be on open string modulus [1, 2] has attracted
much attention over the past couple of years (for reviews and references see [3,
4, 5, 6]). This scenario identifies the inflaton with the position of a mobile D-
brane moving on a compact 6-dimensional submanifold of spacetime. This option is
interesting in that the effective field theory is rather distinct from most inflationary
scalar field theories considered before. It is well motivated by string computations
[7] and involves non-polynomial kinetic terms of the Dirac-Born-Infeld type which
impose a maximum speed on the itinerant D-brane [8]. The effective action also
involves another function of the scalar field besides the potential. This function
(denoted below by f) encodes the local geometry of the compact manifold traversed
by the D-brane.
One consequence of this scenario is the possibility of a novel realization1 of power
law of inflation [9]. In scalar field theories with canonical kinetic terms power law
inflation is realized by an exponential potential2. In the scenario considered in [8] such
1Other realizations of power law inflation in string theory are described in [10] and [11].
2In brane inflation models power law inflation has a natural conclusion in brane annihilation,
following which the energy released is transferred to standard-model degrees of freedom [12]–[15]
(see also [16], [17]).
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behaviour was shown to arise from a quadratic potential in the specific case when
the function f describes an anti-de Sitter throat in the local geometry [18]. This
solution is valid in the “ultra-relativistic” approximation, which is characterized by
the inflaton expectation value saturating the moduli space speed limit.
It is natural ask to what extent this result is tied to the particular choice of
throat geometry and potential made in [8]. The answer, as shown below, is that this
type of solution exists whenever the throat geometry and potential are related in a
specific way. The basic observation is that since the scale factor behaves as a power
of cosmic time, the equation state must be of the baryotropic type p = wρ with
constant w. Indeed, for FLRW models with matter in the form of a perfect fluid the
Einstein equations reduce to
ρ˙ = −3H(p+ ρ) (1.1)
3M2PH
2 = ρ , (1.2)
where MP is the reduced Planck mass (M
2
P = 1/8piG), the dot indicates a time
derivative and H ≡ a˙/a. If the equation of state takes the baryotropic form p = wρ
with constant w then equations (1.1) and (1.2) can be integrated and yield
a(t) = a0(t− t0)
2
3(w+1) , (1.3)
where a0 is a constant. In particular, power law inflation appears for w < −1/3.
Conversely, if a solution for the scale factor of the above form is assumed, then one
can easily show that the ratio p/ρ is constant. This is true independently of how the
pressure and energy density are expressed in terms of the scalar field.
Given this, one can ask what form the effective field theory needs to take in order
that the ratio p/ρ be constant. In the case of canonical kinetic terms the answer is
simple to determine and well known – the potential has to be an exponential of
the scalar field. For DBI kinetic terms it appears that one cannot give an analytic
solution in general, however in the “ultra-relativistic” regime the problem simplifies
greatly and one finds a one-parameter family of potentials (for a given f), of which
the case found in [8] is a member.
This note is organized as follows: Section 2 discusses, in case of canonical kinetic
terms, how the potential can be determined for a given equation of state by solving a
simple differential equation. This approach is then applied to DBI scalar field theories
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in section 3. In this case the differential equation cannot be solved in general, but in
the “ultra-relativistic” limit an analytic solution can easily be given. The relation of
this solution to the one found in [8] is discussed.
2. Canonical Kinetic Terms
In the canonical case the effective action for the inflaton is of the form
S = −
∫
d4x
√−g
(1
2
(∂φ)2 + V (φ)
)
. (2.1)
For spatially homogeneous field configurations this leads to field equations (1.1), (1.2)
with
p =
1
2
φ˙2 − V (φ) (2.2)
ρ =
1
2
φ˙2 + V (φ) . (2.3)
For a given potential one can always write an equation of the form p = wρ, but in
general w depends on the scalar field. The converse is also possible: given a function
w(φ) one can find the corresponding potential V (φ). One way to do this uses the
Hamilton-Jacobi formalism, which is also very convenient in the DBI case. The field
equations can be written in first order form [19, 20, 21, 22], treating φ as the evolution
parameter in place of t. From (1.1), (1.2) and (2.2), (2.3) it follows that
φ˙ = −2M2PH ′(φ) , (2.4)
where the prime denotes a derivative with respect to φ. Using this in (1.2) gives
3M2PH
2 − V = 2M4PH ′2 . (2.5)
This is the Hamilton-Jacobi form of the field equations [19, 20, 21, 22].
The idea now is to find a closed equation for H(φ) which captures the condition
p = wρ. At the outset this can be regarded as a parameterization of a family of
equations of state with some prescribed dependence of w on on φ, specializing to
constant w at the end. From (2.2) - (2.4) one obtains
p = 4M4PH
′2 − ρ , (2.6)
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so the equation p = wρ becomes (using (1.2))
4M2PH
′2 = 3(w + 1)H2 . (2.7)
This simple differential equation for H(φ) is easily solved and the result is
H(φ) = H0 exp
(
±
√
3
2MP
∫
dφ
√
w(φ) + 1
)
, (2.8)
where H0 is an integration constant. The corresponding potential is easily obtained
from (2.5):
V (φ) =
1
2
(1− w(φ))H(φ)2 . (2.9)
In the special case of constant w one obtains an exponential potential:
V (φ) =
1
2
(1− w)H2
0
exp
(
−
√
3(w + 1)
φ
MP
)
. (2.10)
Thus one recovers the well known result of Lucchin and Matarrese [9]. This simple
calculation is straightforward to repeat in the case of DBI kinetic terms.
3. DBI Kinetic Terms
The effective action for the inflaton is the Dirac-Born-Infeld action, which for spa-
tially homogeneous inflaton configurations takes the form [8]
S = −
∫
d4x a(t)3
(
f(φ)−1(
√
1− f(φ)φ˙2 − 1) + V (φ)
)
. (3.1)
The function f appearing here can be expressed in terms of the warp factor in
the metric and the D3-brane tension. The function f appearing here is positive by
construction3. Many aspects of DBI scalar field theories have recently been discussed
in a number of papers [26]-[34], often assuming an AdS5 throat (f ∼ 1/φ4) and
various forms of the potential V .
The action (3.1) leads to field equations (1.1), (1.2) for a perfect fluid with
p =
γ − 1
fγ
− V (φ) (3.2)
ρ =
γ − 1
f
+ V (φ) , (3.3)
3Similar actions with negative f have also been discussed in the literature[23]–[25].
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where
γ =
1√
1− f(φ)φ˙2
. (3.4)
To rewrite the field equations in Hamilton-Jacobi form one proceeds as in the canon-
ical case. From (1.1)–(1.2) it follows that in this case that
φ˙ = −2M
2
P
γ
H ′(φ) . (3.5)
This equation can easily be solved for φ˙ which allows one to express γ as a function
of φ:
γ =
√
1 + 4M4PfH
′2 . (3.6)
Using this in (1.2) gives
3M2PH
2 − V = γ − 1
f
. (3.7)
This is the Hamilton-Jacobi equation for DBI inflation [8].
Using (3.2) and (3.3) one finds
p =
γ2 − 1
fγ
− ρ . (3.8)
Equating this to wρ and using (3.6) and (3.7) gives
4M2PH
′2 = 3(w + 1)H2
√
1 + 4M4PfH
′2 , (3.9)
which is the DBI analog of eq. (2.7). This is a differential equation for H(φ) which
can in principle be solved for any prescribed w(φ). An analytic solution looks unlikely,
but in the “ultra-relativistic” regime (considered by [8]) this equation can easily be
solved.
The “ultra-relativistic” regime is that of large γ, where one can use the approx-
imation
γ ≃ 2M2P
√
fH ′ . (3.10)
In this regime the Hamilton-Jacobi equation can be approximated by
3M2PH
2 − V = 2M2P
H ′√
f
, (3.11)
and the scalar equation of motion simplifies to
φ˙ = − 1√
f
. (3.12)
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Returning to eq. (3.9) the above approximations imply that one can neglect the one
under the square root sign which leaves the simple equation
H ′ =
3
2
(w + 1)
√
fH2 . (3.13)
The general solution of this equation can be written as
H(φ) = −
(
C +
3
2
∫
dφ(w(φ) + 1)
√
f(φ)
)
−1
, (3.14)
where C is an integration constant.
To find the corresponding potential one can use (3.11), which in conjunction
with (3.13) leads to
V (φ) = −3M2Pw(φ)H(φ)2 , (3.15)
where H(φ) is given by (3.14).
For constant w the solution (3.14) is consistent with (1.3), since the scalar field
equation of motion in the “ultra-relativistic” regime is solved by
t = −
∫
dφ
√
f(φ) , (3.16)
so (3.14) yields
H(t) =
2
3(w + 1)
1
t− t0
(3.17)
as implied by (1.3). In particular the number of n-folds can be given as
N =
∫
dtH(t) =
2
3(w + 1)
ln(tf/ti) , (3.18)
where ti and tf refer to the cosmic time of the beginning and end of inflation. All
the dependence on the details of the model, i.e. on the throat geometry and the
potential, are hidden in ti and tf and the constant value of w.
Thus, for a given throat geometry there is always a choice of potential which
results in constant w and therefore, in power law expansion. For the special case of
f(φ) = λ/φ4 considered in [8] one gets
H(φ) =
2
3
√
λ
1
w + 1
φ
1 + Cφ
. (3.19)
This reduces to the well known DBI inflationary solution obtained in [8] when C = 0,
or in the limit φ→ 0 (which is independent of C to leading order). In [8] the authors
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assumed H(φ) = h1φ + . . . and computed the corresponding potential, keeping in
the end just the leading term V = V2φ. One can easily verify that the condition on
V2 given in [8] is just the condition w < −1/3 which ensures that the expansion is
accelerating. Indeed, for C = 0 one gets (from (3.15) and (3.19))
V (φ) = − w
(w + 1)2
4M2P
3λ
φ2 . (3.20)
The requirement that the inflaton mass be large for “ultra-relativistic” DBI inflation
to be significant expresses the need for w to be close to −1.
4. Conclusions
DBI scalar field theories are an interesting and well motivated alternative to the
usually considered models with canonical kinetic terms. While it is possible that
the higher derivatives of the inflaton field present in such models are not relevant
in practice and the usual slow roll scenario is realized [30, 31], DBI models offer a
new possibility in the form of power law inflation with high inflaton mass [8]. In
this scenario the full DBI kinetic terms play an essential role. This possibility is
interesting also because it is a way to obtain significant non-gaussianity in models
of single field inflation [26]. It is expected that new data will tell whether this
feature is attractive or not [32, 33]. Note that the recent analysis carried out in
reference [34] (see also [33]) concluded that neither the KS throat nor any of the Y p,q
throats can accommodate current observational bounds on non-gaussianity when
geometric constraints on throat dimensions are applied. The results reported here
may therefore be useful in the study of alternative throat geometries if promising
examples are found4. This note showed that power law inflationary solutions are
possible for any throat geometry provided the potential is related to the throat
function f as discussed in the previous section. The question of whether power law
inflation is a generic feature of DBI inflation will ultimately be resolved by string
theory computations of f and V in specific models.
4References [33],[34] suggest that orbifolds of the KS throat could be interesting in this context.
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